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Relativistic quantum mechanics

Dirac Fermions

i: 4x4 Dirac matrix

{i , j } 2ij

E 2  px
2  py

2  pz
2 m2

E

px
py

HDirac  px1  py2  pz3 m4



Weyl Fermions

Dirac Fermions

HDirac  px1  py2  pz3 m4

i: 4x4 Dirac matrix

HWeyl  px1  py 2  pz 3

i: 2x2 Pauli matrix

{i , j } 2ij

‐Massless fermions
‐Parity broken

Relativistic quantum mechanics



Weyl Fermions

Dirac Fermions

HDirac  px1  py2  pz3 m4

i: 4x4 Dirac matrix

HWeyl  px1  py 2  pz 3

i: 2x2 Pauli matrix

{i , j } 2ij

‐Massless fermions
‐Parity broken

HWeyl 
pz px  ipy

px  ipy pz















Relativistic quantum mechanics



Condensed matter systems

Weyl semimetals

Dirac semimetals degenerate

non‐degenerate



Condensed matter systems

Weyl semimetals

Dirac semimetals degenerate

non‐degenerate
H (2x 2)

Weyl  
pz px  ipy

px  ipy pz















k  pK0



Condensed matter systems

Weyl semimetals

Dirac semimetals degenerate

non‐degenerate

2D  (graphene) 
Wallace (1947), …

3D  (accidental)  
Herring (1937), …

(symmetry protected)
Wang et al., Young et al.(2012),..

3D  (I‐broken) 
Murakami (2007)

3D  (T‐broken)  
Wan et al. (2011)
Burkov&Balents (2012)
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Dirac semimetals

Science 343, 864 (2014)



Dirac semimetals

Nat. Phys. 7, 840 (2011)



Weyl semimetals

Pyrochlore iridates (Y2Ir2O7) LDA+U H (2x 2)
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Magnetic order?
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Magnetic order?
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Experiments of magnetic TIs

Science 329, 659 (2010)



Experiments of magnetic TIs

Science 339, 1582 (2013)
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Bi2Se3 family Hexagonal lattice model

z : spin matrix



Electron Local spin

Htotal He
MF HL

MF NiJMm

He
MF 

k
 ck

 H0 (k) xJMz ck HL
MF  Jm

I1

Nimp

 Sz (rI )

Self-consistent theory
D. Kurebayashi
27pBF‐3



Electron Local spin

Htotal He
MF HL

MF NiJMm

He
MF 

k
 ck

 H0 (k) xJMz ck HL
MF  Jm

I1

Nimp

 Sz (rI )

Self-consistent theory

Virtual crystal approximation
 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 0  20  40  60  80  100  120  140

x=2%
x=4%
x=6%
x=8%

x=10%

D. Kurebayashi
27pBF‐3



Magnetic transition

Electron Local spin

Htotal He
MF HL

MF NiJMm

He
MF 

k
 ck

 H0 (k) xJMz ck

Self-consistent theory

kzkzkz

M  0 M  0

HL
MF  Jm

I1

Nimp

 Sz (rI )

D. Kurebayashi
27pBF‐3



Self-consistent theory

 0

 20

 40

 60

 80

 100

 120

 140

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14
Te

m
pe

ra
tu

re
 [K

]

Concentration [%]

D. Kurebayashi
27pBF‐3

Magnetic transition

kzkzkz

M  0 M  0



 0

 10

 20

 30

 40

 50

 60

 70

-0.3 -0.2 -0.1  0  0.1  0.2  0.3

Te
m

pe
ra

rtu
re

 [K
]

M0 [eV]

Phase diagram

strong SOCweak SOC

Weyl semimetals

Dirac semimetals

D. Kurebayashi
27pBF‐3



ゼロギャップ半導体における
スピン物性とワイル半金属相

1.What is Weyl semimetal
2.How can it be realized
3.Charge transport 
4.Novel phenomena

outline

日本物理学会 第６９回年次大会
28pBF‐3 チュートリアル講演



Charge transport of Weyl fermions

From  2d  to  3d                

• Impurity scattering

• Quantum effect (localization)

• Anomalous Hall effect

topics



Charge transport of Weyl fermions

From  2d  to  3d                

topics

• Impurity scattering

• Quantum effect (localization)

• Anomalous Hall effect



Impurity scattering

/Ee

: relaxation time

f(k) : distribution function 
in non-equilibrium

f(k)=0

f(k)=1



Short‐range scatterers

Impurity scattering

2d case V (r )  ujj (r R j )

: relaxation time



Short‐range scatterers
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Anderson localization?
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Anderson localization?

‐ No numerical study has been done
for 3d Weyl SM systems

‐Effective field theory (class A)

2d case

3d case
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Anomalous Hall effect
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Anomalous Hall effect
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Chiral anomaly

3D Weyl semimetals

“chiral vector potential”
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Zyusin & Burkov (2012)
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Chiral anomaly

3D Weyl semimetals

“chiral vector potential”

Liu, Ye, Qi (2013)

‐> “chiral magnetic field”



Topological Mott insulators

Other ground states

Interaction effects

On‐site U enhances SOC, causing a 
“topological Mott insulator” phase

Pesin&Balents (2010)
Kurita, Yamaji, Imada (2011)
Yoshida et al. (2013)
Miyakoshi&Ohta (2013)

Na2IrO3

Raghu et. al. (2006)
Shitade et. al. (2008)

Li, Wang, Qi, Zhang (2010)
Ooguri&Oshikawa (2012)
Sekine&KN (2014)

Axion Magneto‐electric effect, 
Aoki phase (QCD analogy)



Interaction effects
p‐electron systems
U: small  ‐> long‐range Coulomb ?

‐ Lattice gauge theory
‐ Strong coupling approach
‐ 16 order parameters

H 
i1

3

 pii m04 bz

+ long‐range Coulomb

Sekine, KN (2014)

= 11 (vacuum)

=  3  (Bi2Se3)



Summary

Weyl semimetal is a novel gapless topological state

Weyl semimetal could be realized in Bi2Se3 family 
(Cr‐doped Bi2(SexTe1‐x)3)

Novel quantum transport phenomena are expected
‐ Anderson (de)localization
‐ Anomalous Hall effect (chiral anomaly)

Effects of electron‐electron interaction
‐ short range repulsion
‐ long range Coulomb interaction 


