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Relativistic quantum mechanics

Dirac Fermions

i: 4x4 Dirac matrix

{i , j } 2ij

E 2  px
2  py

2  pz
2 m2

E

px
py

HDirac  px1  py2  pz3 m4



Weyl Fermions

Dirac Fermions

HDirac  px1  py2  pz3 m4

i: 4x4 Dirac matrix

HWeyl  px1  py 2  pz 3

i: 2x2 Pauli matrix

{i , j } 2ij

‐Massless fermions
‐Parity broken

Relativistic quantum mechanics
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Condensed matter systems

Weyl semimetals

Dirac semimetals degenerate

non‐degenerate
H (2x 2)

Weyl  
pz px  ipy

px  ipy pz
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Condensed matter systems

Weyl semimetals

Dirac semimetals degenerate

non‐degenerate

2D  (graphene) 
Wallace (1947), …

3D  (accidental)  
Herring (1937), …

(symmetry protected)
Wang et al., Young et al.(2012),..

3D  (I‐broken) 
Murakami (2007)

3D  (T‐broken)  
Wan et al. (2011)
Burkov&Balents (2012)
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Dirac semimetals

Science 343, 864 (2014)



Dirac semimetals

Nat. Phys. 7, 840 (2011)



Weyl semimetals

Pyrochlore iridates (Y2Ir2O7) LDA+U H (2x 2)
Weyl  

kz kx  iky

kx  iky kz
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Weyl semimetals
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Magnetic order?

F  1
2L

M 2  1
2e

m2  JMm

 1
2L

1J 2eL M 2  1
2e

m eJM 2

Free energy

1J 2Le  0  M  0

at low temperature

local spin   electron interaction

L ~  1/T



Magnetic order?

e  40e f (En,k ) f (Em,k ) 
un,k | sz |um,k um,k | sz |un,k 

Em,k En,k

Van‐Vleck paramagnetism ‐>  e finite

at low temperature

conduction band
valence band

L ~  1/T

1J 2Le  0  M  0



Experiments of magnetic TIs

Science 329, 659 (2010)



Experiments of magnetic TIs

Science 339, 1582 (2013)

Bi2‐yCry(Sex Te1‐x)3



Electron

Htotal He
MF HL

MF NiJMm

He
MF 

k
 ck

 H0 (k) xJMz ck

Self-consistent theory
D. Kurebayashi
27pBF‐3

H0 (k )  Ri (k )i m0 (k )4 (k)I
i1

3



Bi2Se3 family Hexagonal lattice model

z : spin matrix
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Magnetic transition
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Charge transport of Weyl fermions

From  2d  to  3d                

• Impurity scattering

• Quantum effect (localization)
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Impurity scattering

/Ee

: relaxation time

f(k) : distribution function 
in non-equilibrium

f(k)=0

f(k)=1



Short‐range scatterers

Impurity scattering

2d case V (r )  ujj (r R j )

: relaxation time



Short‐range scatterers

  2e2

h
EF 

EF

EF

Impurity scattering

2d case V (r )  ujj (r R j )

1
0
(EF ) EF

Shon & Ando (1998)

: relaxation time



(rσ VviH 

Short‐range scatterers

Coulomb scatterers

  2e2
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EF 

EF

EF

KN‐MacDonald (2006)
Ando (2006)
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Impurity scattering
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Anderson localization?

g: conductance
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L+dL
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d L > 0

dg(L)
d L < 0
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Anderson localization?
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Anderson localization?

‐ No numerical study has been done
for 3d Weyl SM systems

‐Effective field theory (class A)

2d case

3d case
m
etal

insulator

dg(L)
d L

L
g(g) = 

KN, Ryu, Koshino, Mudry, Furusaki, (2008)

2d case

with T‐sym. (AII)

broken T‐sym. (A)
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Anomalous Hall effect

E

xy

E

kx

ky

2d case

Massive Dirac ‐> AHE

3d case

T‐broken Weyl ‐> AHE

AHE = Hall effect without external B field

xy

E



Anomalous Hall effect

E

xy
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ky

2d case

Massive Dirac ‐> AHE



Anomalous Hall effect

)(ˆ kR



Anomalous Hall effect

kz

E

3d Weyl SM

Hweyl(kx,ky,kz) = kx1 + ky2 + m(kz)3

ky=0
kx=0
ky=0



Anomalous Hall effect
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Anomalous Hall effect
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kz

m(kz) <0
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xy (kz )  e2

2h
[1 sgn(m (kz ))]
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xy= 0

xy= 0

 xy
3D  dkz
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 e2

h
2Kw
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Anomalous Hall effect
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Chiral anomaly

H1D  dx  i(x  ieAx ) 

dN
dt

 dx e
2 E

dN
dt

 d 3x e2

(2 )2 E B

1D Weyl fermions

k

Energy

Adler‐Bell‐Jackiw anomaly

N: particle number
3D Weyl fermions



Chiral anomaly

3D Weyl semimetals

“chiral vector potential”

 j   e2

4 2 
F (JM )

 
e2

4 2 
JMF











Zyusin & Burkov (2012)



Chiral anomaly

3D Weyl semimetals

“chiral vector potential”
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4 2 
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jAHE


Zyusin & Burkov (2012)



Chiral anomaly

3D Weyl semimetals

“chiral vector potential”

Liu, Ye, Qi (2013)

‐> “chiral magnetic field”



Topological Mott insulators

Other ground states

Interaction effects

On‐site U enhances SOC, causing a 
“topological Mott insulator” phase

Pesin&Balents (2010)
Kurita, Yamaji, Imada (2011)
Yoshida et al. (2013)
Miyakoshi&Ohta (2013)

Na2IrO3

Raghu et. al. (2006)
Shitade et. al. (2008)

Li, Wang, Qi, Zhang (2010)
Ooguri&Oshikawa (2012)
Sekine&KN (2014)

Axion Magneto‐electric effect, 
Aoki phase (QCD analogy)



Interaction effects
p‐electron systems
U: small  ‐> long‐range Coulomb ?

‐ Lattice gauge theory
‐ Strong coupling approach
‐ 16 order parameters

H 
i1

3

 pii m04 bz

+ long‐range Coulomb

Sekine, KN (2014)

= 11 (vacuum)

=  3  (Bi2Se3)



Summary

Weyl semimetal is a novel gapless topological state

Weyl semimetal could be realized in Bi2Se3 family 
(Cr‐doped Bi2(SexTe1‐x)3)

Novel quantum transport phenomena are expected
‐ Anderson (de)localization
‐ Anomalous Hall effect (chiral anomaly)

Effects of electron‐electron interaction
‐ short range repulsion
‐ long range Coulomb interaction 


